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Why use open problems in your classes?

I Makes mathematics feel more exciting / makes students feel
more like mathematicians.

I Takes students out of the “what’s the answer?” train of
thought; redefines student success in terms of incremental
improvement.
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“Random questions” in class

One of the simplest ways to bring open problems into your
classroom is to . . . just do it!

I Have a problem or puzzle written up on the board for students
to look at in the five minutes before class starts.

I Alternately, if there’s an open problem that’s closely related to
the material you’re discussing, use it in the middle/end of
lecture as motivation.
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From the start of a class for first-year nonmajors:
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“Random questions” in class

From a class on vectors and dot products:
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“Random questions” in class

Benefits:

I Is a very low-effort way to bring open problems into the
classroom.

I Does well in bimodal classrooms.

Drawbacks:

I Random questions can distract from the main material
covered in lecture if constructed poorly.

I Can discourage weaker students if the tone isn’t handled well.
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Open problems on HW

Another way to add open problems to the class is by placing them
on the homework.

I This is best done with problems that have easily-tractable
small cases.

I It is probably wise to tell your students that these problems
are open, and that attempts/working/answering the problem
for n=2,3,4,etc. will give them full credit.

I These problems also make for good extra-credit challenges.
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Open problems on HW

Problems from a course on error-correcting codes:

Pick two of the four problems below, and solve them!

1. For any k ∈ N, construct a code with infomation density 1
k

.

2. Historically, one of the first codes developed was the Hamming [7, 4] code. It works like this: take

any string of four bits (i.e. any string of four 0’s and 1’s.) Turn this into a string of seven bits in

the following way:
I Place the bits of the original message, in order, in the slots 3, 5, 6, 7.
I In slot 1, put the parity of the sum of the bits in slots 3, 5, 7.
I In slot 2, put the parity of the sum of the bits in slots 3, 6, 7.
I In slot 4, put the parity of the sum of the bits in slots 5, 6, 7.

This is a 2-ary code of length 7. Find its information density and its minimum distance.

3. Create a 4-ary code of length 4 and distance 3, that contains 16 elements.

4. Find the largest 2-ary (i.e. binary) code of length 18 and distance 8 that you can come up with.
Note: your score here is (# elements in your code)/(maximum number of elements in codes
discovered by your classmates).
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Open problems on HW

Problems from a summer class on graph theory:

5. A graceful labeling of a graph with E edges is a labeling l(v) of its vertices with distinct integers
from the set {0 . . . |E |}, such that each edge {u, v} is uniquely determined by the difference
|l(u)− l(v)|.
Show that the path graphs Pn are graceful.

6. (*) A caterpillar tree is a tree such that deleting all of its leaves leaves us with a single path (i.e.
they kinda look like caterpillars.)
Show that all caterpillar trees are graceful.

7. (**) Show that all trees are graceful.
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Open problems on HW

Benefits:

I Gets all of your students actively involved with thinking about
open problems, as opposed to just the top students.

I Makes your class feel challenging and interesting in positive
ways.

I Introduces students to the process of struggling with complex
ideas.

Drawbacks:

I Grading is often quite difficult.

I Problems require a lot of thought in their design to not
discourage students.
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Research problems as projects

You can also make working on open problems a part of a course!

I As with HW, you need a grading system that does not
penalize a student for not solving an open problem.
(Presentations, writeups, etc)

I Only works in small classes.

I Breaking students into groups is recommended.
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Research problems as projects

Example: A summer project for high-school students.

Finding Odd-Order Latin Squares with 2× 2 Subsquares (Paddy)
A 2× 2 subsquare of a Latin square L is a pair of rows i, j and columns m, n such that L(i,m) = L(j, n)
and L(i, n) = L(j,m). For example, in the 4× 4 Latin square below, the four blue-shaded squares form a
2× 2 Latin subsquare:

1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

These subsquares are incredibly useful for a lot of reasons (talk to me about this!) This project, however,
isn’t about applications: it’s about constructions! I’m looking for Latin squares — specifically, odd-order
Latin squares — with lots of these 2× 2 subsquares. You should find some!
Expected Investment: 1-2 hours a day.
Final Product: If we’re lucky, either some odd-order Latin squares with many 2× 2 subsquares, or a proof
that these things cannot exist.
Prerequisites: None.
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Research problems as projects

Example: Excerpt from a series of proposals for a first-year class’s
projects.

The surprising thing with NP is the following:

I There are NP-complete problems.

I Almost every problem in NP that is not known to be in P seems to be NP-complete.

This leads to a particularly fun and silly branch of open problems:

1. Take any popular sort of game or puzzle (like Sudoku, or Minesweeper.)

2. Find a way to generalize that game to inputs of size n, instead of whatever form the game
traditionally comes in.

3. Show that winning at this game is a NP-complete task. (See here for the “Minesweeper is
NP-complete” proof, and here for some notes on NP-completeness and Latin squares, which you
can extend with a little work to Sudoku grids.)

In this project, students will study and learn about P versus NP, pick out a class of puzzles of their
choosing, and attempt to determine which are NP-complete!
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Research problems as projects

Benefits:

I Serious student engagement; excellent way to encourage
further studies in mathematics.

I Can generate actual results, which is good for student careers.

Drawbacks:

I Takes a ton of time/resources.

I Can be frustrating for students if crafted poorly.
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Thank you!
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